This paper is concerned with observer-based guaranteed cost control design of fuzzy bilinear systems with time-varying delay. First, we consider the state feedback control design by assuming a special form of a fuzzy controller. A delay-dependent condition, which is less conservative than delay-independent one, for guaranteed cost control design of fuzzy bilinear systems with time-varying delays is given in terms of linear matrix inequality (LMI). Next, we consider a fuzzy observer design for the same class of systems, and propose an observer design method based on another delay-dependent condition. Then, we show that state feedback controller and observer make a stabilizing observer-based output feedback controller with guaranteed cost. Finally, we give a numerical example to illustrate our design procedures and to show the effectiveness of our approach.
Introduction
In real life, almost all physical systems are nonlinear and they often appear in engineering systems. The Takagi-Sugeno fuzzy system has been used for nonlinear systems control because it can approximate nonlinear systems, and even describe a certain class of nonlinear systems exactly( [7] , [8] ). Time-delay also occurs in many physical systems and system formulations such as transportation systems, networked control systems and telecommunication systems. Thus, it is important to analyze and synthesize nonlinear systems with timedelay. As an extension of system representation, fuzzy bilinear system and fuzzy bilinear time-delay system were considered in [1] , [3] , [4] , and [9] . The results in [3] and [4] considered bilinear systems with no time-delay, and gave stability conditions for such systems. The paper [9] is the extension to the stability for fuzzy bilinear systems with time-delay. However, the result in [9] gives only stability conditions for the closed-loop fuzzy bilinear time-delay systems with given controllers, and their given controllers are state feedback controllers. It did not propose even state feedback controller design method. The paper [6] discussed a delay-dependent control design method for a fuzzy bilinear system with time-delay, but it only considered a stabilizing state feedback controller with guaranteed cost. In practical systems control, the state feedback control is not always feasible because all the state variables of the system are not always available. Then, the research has extended to an output feedback control design of fuzzy bilinear time-delay systems in [11] where the state feedback control and observer design have been proposed, but the design conditions in [11] were based on delay-independent conditions, which are generally conservative. Therefore, we need an output feedback control design based on less conservative delay-dependent conditions.
In this paper, we consider an observer-based guaranteed cost control design for fuzzy bilinear time-delay systems. We give delay-dependent stability conditions via LMI, and propose a control design method for a stabilizing output feedback controller with guaranteed cost of fuzzy bilinear systems with timevarying delay. First, we assume a special form of a state feedback controller( [3] , [4] , and [9] ), and then propose a state feedback controller design method. Next, we propose an observer design method. By considering the error system which results from the original fuzzy bilinear system and its observer, we give a delay-dependent stability condition for the error system. Our design method chooses observer gain matrices such that the error system is asymptotically stable. Then, we show that an output feedback controller which combines state feedback controller and observer becomes a stabilizing output feedback controller with guaranteed cost. In other words, we establish the separation principle for fuzzy bilinear time-delay systems. Finally, we give an illustrative example to show our design procedure and the effectiveness of our design approach.
Fuzzy Bilinear Systems
In this section, we introduce Takagi-Sugeno fuzzy bilinear systems with timevarying delay. Consider the Takagi-Sugeno fuzzy model, described by the following IF-THEN rules:
where x(t) ∈ n is the state, u(t) ∈ is the control input and y(t) ∈ q is the measurement output. The matrices A i , A di , N i , N di , B i and C i are constant matrices of appropriate dimensions. The time-delay τ (t) may be unknown but is assumed to be bounded. It is also assumed to be a smooth function such that Then, the state and output equations are described bẏ
where
and M ij (·) is the grade of the membership function of M ij . We assme
The following lemmas are given to prove our main results in the later sections. 
holds if the followings are satisfied:
Guaranteed Cost Control
We first show a design method of the state feedback controller for the fuzzy system (1). We employ the following rules for a controller:
where ρ is a given scalar, and K i , i = 1, · · · , r are a constant matrices to be determined. Then, the natural choice of a controller is given by
,
The closed-loop system (1) with (3) is given bẏ
Our problem is to find a state feedback controller (3) such that the closed-loop system (4) is asymptotically stable, and the following cost function J is smaller than some number.
where U and T are semi-positive and positive definite matrices, respectively, and J * is a positive scalar. If there exists such a controller, the system is said to be stabilized with guaranteed cost.
Based on the results of [6] , we can show a design method of a stabilizing state feedback controller with guaranteed cost. Since the proof of Theorem 3.1 is very similar to that of Theorem 2 in ( [6] ), it is omitted here.
Theorem 3.1 Given scalars ρ and ε > 0. A controller (3) stabilizes the fuzzy system (1) with guaranteed cost if there exist matricesX
In this case, control gain matrices K j can be obtained by
K j = G jP −1 , j = 1, · · · , r.(8)
Observer
In real life, all the states of the system are not always observed. Hence, we need to estimate the unobserved states by an observer. Here we define a fuzzy observer and make an analysis of the error system, from which we provides a design method of a fuzzy observer for the fuzzy bilinear time-delay system (1) and (2).
Error System Analysis
Let us consider the following rules for an observer-based controller:
and H i , i = 1, · · · , r are constant matrices to be determined. Then, the overall observer-based controller is given bẏ
By defining the error e(t) = x(t) −x(t), we have the error system from (1), (2), (9) and (10):
Thus, our problem is to find an observer (9) such that the error system (11) is asymptotically stable.
The following theorem gives a condition such that the error system (11) is asymptotically stable. 
We consider the following Lyapunov-Krasovskii functional candidate:
where e t = e(t + s), −τ M ≤ s ≤ 0 and
and V 3 (e t ) with respect to t along the solution of the closed-loop system (11), respectively. First, we calculateV 1 (e):
for some S 2 > 0 where by applying Lemma 2.1, we calculate 2e
Hence, we havė
e(t − τ (t))} + e T (t − τ (t))S 2 e(t − τ (t)).
Next, we obtainV 2 (e t ):
Furthermore, using Lemma 2.2, we calculateV 3 (e t ):
where each term can be expanded by the use of Lemma 2.1 as
) and
For X 2 ≥ 0 as in (12), we have
(14) ConsideringV (e t ) and (14), we obtaiṅ
wherê
we haveV (e t ) < 0 from (15). It follows from Schur complement formula that (16) can be written as (13).
Observer Design
Based on the conditions of Theorem 4.1, we propose a design method of an observer-based controller in the following theorem.
Theorem 4.2 Given scalars ρ and ε > 0. (9) and (10) become an observerbased controller for the fuzzy bilinear time-delay system (1) and (2) if there exist matrices
In this case, observer gain matrices H j can be obtained by
Proof: Let R 2 = εP 2 where ε > 0 is a given scalar. We define L j = P 2 H j in (13). Then, we get
It follows from Lemma 2.3 that
Finally, H j can be calculated via definition of L j .
Output Feedback Stabilization
Here, we show that an output feedback controller resulting from a state feedback controller obtained from Theorem 3.1 and an observer from Theorem 4.2 becomes a stabilizing controller with guaranteed cost for the fuzzy bilinear time-delay system (1) and (2) . Consider the state feedback controller (10) with the estimatex, and the estimate of the state is calculated by the observer (9) . Then, the closed-loop system (1) and (2) with (9) and (10) is given bẏ
t)]
T and
Our final problem is to show that if conditions in Theorems 3.1 and 4.2 are satisfied, the closed-loop system (21) is stable with guaranteed cost. In other words, the output feedback controller (9) and (10) stabilizes the fuzzy bilinear time-delay system (1) and (2) with guaranteed cost.
with that α we have by Schur complement formula
It follows thatV (x ct ) < 0. This proves the stability of the closed-loop system (21). Finally, gain matrices are calculated by (8) and (20).
Examples
We consider a fuzzy bilinear time-delay system with the following if-then rules:
IF ξ 1 is big, T HENẋ(t) = A 1 x(t) + A d1 x(t − τ (t)) + u(t)N 1 x(t) +u(t)N d1 x(t − τ (t)) + B 1 u(t), y(t) = C 1 x(t) + C d1 x(t − τ (t)),
IF ξ 1 is small, T HENẋ(t) = A 2 x(t) + A d2 x(t − τ (t)) + u(t)N 2 x(t) +u(t)N d2 x(t − τ (t)) + B 2 u(t), y(t) = C 2 x(t) + C d2 x(t − τ (t))
where λ 1 (x 1 ) = Theorem 5.1 proves the observer-based controller (9) and (10) with the above gain matrices become a stabilizing output feedback controller for the system (1) with guaranteed cost.
Conclusions
In this paper, stability conditions and output feedback stabilization with guaranteed cost of fuzzy bilinear systems with time-varying delays have been considered. It was shown that if there exist stabilizing state feedback controller and observer, then an output feedback controller resulting from the same state feedback controller and observer becomes a stabilizing controller with guaranteed cost. In other words, we establish the separation of state feedback control and observer design for fuzzy bilinear time-delay systems.
